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ABSTRACT 
In this paper, we deal with equivalence relations on groups, inspired by the relation of iso- 
clinism due to P. Hall. Isoclinism is - essentially - defined by the commutator map of groups. We 
take another map and define related equivalence relations. We shall show that modular character 
degrees and modular monomiality of finite groups are preserved under such an equivalence 
relation. 
0. INTRODUCTION 
P. Hall [3] defined an equivalence relation on groups, called isoclinism, in 
order to classify p-groups of small order. This equivalence relation preserves 
character degrees of finite groups (without multiplicity) and monomiality of 
finite groups. In this paper, we consider a related equivalence relation on 
groups, which preserves modular character degrees and modular monomiality 
of finite groups. 
Roughly speaking, two groups are isoclinic if their commutator maps 
(x, y) H [x, y] = x-‘y-ixy are the same. When we consider p-modular char- 
acters, the values are determined by $-parts of group elements. The con- 
sideration of the map (x, y) H [x, y],, is the starting point of this paper. 
First we define a more general equivalence relation on groups and then we 
shall show that, in the above case, it preserves modular character degrees and 
modular monomiality of finite groups. 
Lemma 2.1, a crucial lemma, is due to Professor Masao Kiyota, for which I 
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thank him. Many parts of this paper are contained in my thesis at Chiba 
University [4]. 
We state here our notations. G denotes a group, Z(G) the center of G, and 
D(G) the commutator subgroup of G. For x, Y E G, xJ’ = Y-‘xy and [x, Y] = 
x Y -’ -‘xy. Let rr be a set of primes. If x E G is of finite order then x can be 
written as x~x,~, where x, is of n-order, X,I is of rr’-order, and x, and x,1 com- 
mute. This description is unique. If x is of infinite order then we put x, = 1 and 
x+ = x. We call X~ the r-part of x and x,r the rr’-part of x. Further notations are 
standard, see Gorenstein [2] and Nagao and Tsushima [7]. 
Let G be a finite group. We denote the set of irreducible ordinary characters 
of G by Irr(G), and the set of irreducible Brauer characters of G in character- 
istic p by IBr,(G). 
1, PRELIMINARIES 
In this section, we introduce the definition of our equivalence relations and 
some basic properties. The referee pointed out that the results in this section are 
corollaries of what is established in the paper of Hekster [5]. So we omit the 
proofs. Note that we can prove the results in this section in the same way as in 
the paper of Bioch [l] directly. 
Let Q be a family of groups, and let 
~={~&GxG-G]GE~} 
be a family of maps with the following properties. 
(Al) ForGEGandx,YEG, 
fG(x,y) =fG(y,x)-'. 
(A2) For G, H E G, and any group homomorphism cp : G -+ H, the following 
diagram commutes. 
‘px’p 
GxG- HxH 
Throughout this paper, we assume that Q and F are as above, and that G E 6. 
The commutator map (x, Y) H [x, Y] satisfies (Al) and (A2). By (A2), the 
next lemma holds. We omit the proof. 
Lemma 1.1. Let H E 6 be a subgroup of G, and let N be a normal subgroup of G 
such that G/N E 9. Then 
fH(~l,xZ) =fG(xI,x2), for X1,X2 E H 
~GIN(Y~N,Y~N) =SG(YI,YZ)N, foryl,~2 E G. 
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In particular, ifp : G + H is an isomorphism then cp(fc(x, y)) = f~((p(x), ‘p(y)). 
Especially, for x, y, g E G, 
fG(xg,Yg) =fG(x~y)~. 
We introduce two subgroups of G E 6. Put 
DF(G) = (fG(x, Y) ) x, y E G) 
and 
ZF(G) = {g 6 G If&%, Y) = fG(x, Y), for any ‘&Y E Gl. 
Note that iffG(x, y) = [x, y] then Z,(G) = Z(G) and DF(G) = D(G). It is easy 
to check that 
fG@, Y) = fG(-% Yg) = fdx, gY) = fG(x> Y) 
for any g E ZF(G) and x, y E G. 
By the above fact, the map fG induces a well defined map 
&G/&(G) x G/G(G) -J%(G) 
withf<(xZF(G), yz~(G)) = fG(x, y). We usually identifyfo and& 
Now we define a generalization of isoclinism, namely 3-isoclinism. For 
G, H E G, we say that G and H are F-isoclinic (denoted by G -3 H) if there 
exist isomorphisms cy : G/ZF(G) 4 H/Z;F(H) and ,/3 : DF(G) + DF(H) such 
that, for x, y E G, 
P(fc(xZ,(G), YZAH))) =fH(o(xZAG))> o(yZ+(H))). 
This means that the next diagram commutes. 
G/ZF(G) x G/ZF(G) 2 H/ZF(H) x H/&(H) 
- 
fc 
1 !- 
fH 
“F(G) 
P 
+ D3W) 
We call the pair of isomorphisms (a, p) an ?‘-isoclinism between G and H. 
Being F-isoclinic defines an equivalence relation. 
We state some properties of F-isoclinism for later use. 
Lemma 1.2. Let N be a normal subgroup of G. Assume that G, G/N, G/ 
(N n D3(G)) E 6. Then G/N -3 G/(N n DF(G)). 
Inparticular, ifN n D3(G) = 1 then G NT G/N. 
Conversely, ifG NF G/N~~~(DF(G)) < 00, then N PDF = 1. 
Lemma 1.3. Let G, H E G and G -3 H, and let (q P) be an F-isoclinism. Put 
C = {(x, y) E G x H 1 a(X) = J}, 2~ = ((1,~) E C}, and Zo = {(z, 1) E C}. If 
CE6thenGgC/ZH-FCw3CC/ZG=H. 
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2. s-ISOCLINISM AND p-MODULAR ISOCLINISM 
We shall consider applications of generalized isoclinism, namely 7r-isoclin- 
ism and p-modular isoclinism. In these cases, the equivalence relations pre- 
serve some character theoretic properties. 
Let 7r be a set of primes. Let 6 be the family of all groups, and fo E F be de- 
fined by fG(x, v) = [x, ~1,~. Th en our assumptions (Al) and (A2) are satisfied. 
We call this generalized isoclinism 7r-isoclinism, and if G and H are r-isoclinic 
we denote it by G -* H. In this case, we denote DF(G) and ZF(G) by D,(G) 
and Z,(G), respectively. 
It is easy to see that if 7~ is a subset of rr and G -To H then G wR H. The 
original definition of isoclinism is &isoclinism (4 is the empty set). So if G and 
H are isoclinic then they are n-isoclinic for any rr. When 7r = {p}, we call this 
p-modular isoclinism to distinguish it from n-isoclinism defined in [l]. In this 
case, we denote D,(G) and Z,(G) by D,(G) and Z,(G), respectively. It is easy 
to see that if G and H are r’-groups then they are isoclinic if and only if they 
are 7r-isoclinic. 
We next prove a key lemma on 7r-isoclinism. It is due to M. Kiyota. 
Lemma 2.1. (M. Kiyota) Let G be ajnite group. Then the following are equiva- 
lent. 
(i) Each commutator [x, y], x, y E G, is a n-element. 
(ii) D(G) is a r-group. 
Proof. If D(G) is a r-group then clearly [x, y] is a n-element for any x, y E G. So 
(ii) implies (i). 
We assume (i). Let p be a prime not in rr, and let P be a Sylow p-subgroup in 
G. It is enough to show that P n D(G) = 1. By the Focal Subgroup Theorem [2, 
Chapter 7, Theorem 3.41, 
P n D(G) = (x-‘x~ 1 x E P, g E G). 
On the other hand, x-‘xg = [x, g] is a r-element by our assumption. This im- 
plies x -lxg = 1, and P f? D(G) = 1. The proof is completed. q 
Using the above lemma, we can easily prove the next proposition. 
Proposition 2.2. For aJinite group G, D,(G) = O”(D(G)) and Z,(G) has a nor- 
mal Hall r-subgroup with abelian quotient. 
Proof. D,(G) is generated by r/-element in D(G). This implies that D,(G) 5 
O”(D(G)). Consider G/D,(G). By the definition of D,(G), all commutators in 
G/D,(G) are n-elements. Thus D(G/D,(G)) is a 7r-group by Lemma 2.1, and 
this implies that D,(G) 2 O”(D(G)). So D,(G) = O”(D(G)). 
By definition of Z,(G), [x, y],, = [l, l] = 1 for x, y E Z,(G). Thus each com- 
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mutator of Z,(G) . IS n-element. By Lemma 2.1, D(Z,(G)) is a rr-group, and the 
result follows. 0 
Corollary 2.3. G -?r 1 ifand only ifany element in D(G) is of n-order. In partic- 
ular, if G is afinite group, then G w?i 1 if and only if D(G) is a n-group. 
Proof. G wti 1 if and only if D,(G) = 1 and Z,(G) = G, and this is equivalent o 
each commutator in G being of r-order. IJ 
3. CHARACTERS RESTRICTED TO x-REGULAR ELEMENTS 
Let G be a finite group, and x be an irreducible ordinary character of G. We 
denote the restriction of x to +-elements by x*. We say that x* is irreducible 
when x* cannot be written in the form x* = b* + V* where p and v are non 
zero ordinary characters of G. We put 
I”(G) = ix” 1 x * is irreducible}. 
This is defined in Isaacs [6], and the main theorem in [6] is the following. 
Theorem 3.1. [6, Theorem A] Let G be r-separable. Then I”(G) is a basis for 
the K-regular class functions of G. In particular, II”(G)\ is equal to the number of 
x-regular classes of G. 
In the above, G being n-separable means that every chief section of G is 
either a n-group or a rr’-group. When 7r = {p}, this theorem is equivalent to 
Fong-Swan theorem. 
We shall show that the degrees of members in I”(G) are preserved by 7r-iso- 
clinism. We start with an easy lemma. 
Lemma 3.2. Let G be x-separable, and let N be a normal 7r-subgroup of G. Then 
I”(G) = I”(G/N) under natural identtjication. 
Proof. This is immediate from [6, Lemma 5.31 and Theorem 3.1. 0 
We define the kernel of a x-regular class function x * in G by 
kerx* = (g E G,J 1 x*(l) = x*(g)). 
Then ker x* a G. 
Now we can prove our key theorem. 
Theorem 3.3. Let G be a finite x-separable group and let N a G. Assume that 
G ax G/N andput 
I”(G/N) = {nf 1 i = 1,2,. . . ,m}, 
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I”(N) = {‘pi’ [j = 1,2,. . . ,n}. 
Then any (pj’ is extendable to some (p; E I”(G) and 
I”(G) ={77jl@Tli= I,2 ,..., m, j= 1,2 ,..., n}. 
Proof. Note that N n D,(G) = 1 implies O,(N) n D,(G) = 1. So, by Lemma 
1.2, G -?r G/O,(N) and I”(G) = I”(G/O,(N)). Thus we may assume that 
O,(N) = 1, and so N is an abelian 7r’-group. Now I”(N) = Irr(N), and p;( 1) = 1 
for anyj. Since D,(G) = O”(D(G)) and N n D,(G) = 1, N n D(G) = 1 and (pi* 
is extendable to an ordinary character of ND(G) whose kernel contains D(G). 
So this extension can be regarded as a character of ND(G)/D(G) I G/D(G). 
Thus q? is extendable to some @; E I”(G). 
Then by well known theorem [7, Corollary 5.91, 
Irr(G) = {xcP; )x E Irr(G/N), j = 1,2,. . . ,n}. 
By Theorem 3.1, x * = Cy!, ei vf for some ej > 0. NOW 
- 
Note that nJ$T E In(G) 
5-. 
since 77; E I”(G) and gj* @; = l& where p,? is the com- 
plex conjugate of +T. 
It remains to prove that nf $T = $(p; implies i = k and j = 1. Suppose 
n;$T = r$(p;. 7:s Iv = n;(l)(pi* and r$‘p; 1~ = $(l)(p;, soj = 1. Now 7: = 
- 
qf (jj* Gj* = ilk* (r,t gj* = 77k+, so i = k and the result follows. q 
If rr = {p} and G is p-solvable then I*(G) = IBr,(G). But the definition of 
IBr,(G) does not involve the notion of p-solvability. We can prove the next 
theorem similarly as Theorem 3.3 by using modular representations. 
Theorem 3.4. Let G be a$nite group. Assume that G -P H andput 
IBr,(G/N) = {ei 1 i = 1,2,. . . ,m}, 
IBr,(N) = {cpj Ij = 1,2,. . . ,n}. 
Then any pj is extendable to (pj E IBr,( G) and 
IBr,(G) ={<l(pjli- 1,2 ,..., m,j= 1,2 ,..., n}. 
Now it is obvious that the character degrees are preserved by 7r-isoclinisms. We 
Put 
rd,rr(G) = #{cp* E I=(G) jcp(l) = 4. 
Then 
Corollary 3.5. Let G and H be finite n-separable groups. Assume that G -T H. 
Then 
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Td,?i(G)/ '-d 4f-O 
IGI,, 
. 
IHId 
In particular, ifn = {p} then r-separability is not necessary. 
Proof. We can easily check this by using Lemma 1.3 and Theorem 3.3 or 3.4. q 
4. MONOMIALITY OF CHARACTERS 
We say that a character x of G is monomial if there exist a subgroup H of G 
and a linear, this means degree one, character cp of H such that qG = x. We say 
that a finite group G is an M-group if every irreducible ordinary character of G 
is monomial. If every irreducible Brauer character of G in characteristic p is 
monomial we call G an M,-group. M,-groups are studied for example in 
Okuyama [S]. Now we define MT-groups. We say that a finite rr-separable group 
G is an M,-group if every member of I”(G) is monomial. 
It is known that if G and H are isoclinic and G is an M-group then so is H. 
The next corollary is a generalized form of this fact. 
Corollary 4.1. Let G and H bejinite r-separable groups. Suppose that G wT H 
and G is an MT-group. Then His also an M,-group. In particular, if n= {p} then 
x-solvability is not necessary. 
Proof. This is easy from Lemma 1.3 and Theorem 3.3 or 3.4. q 
It is well known that M-groups are solvable, and M,-groups are also solvable 
[8, Corollary 3.81. We shall show that A&-groups are 7r’-solvable. The proof is 
almost the same as [8, Corollary 3.81. 
Here note that a finite group G is called 7r’-solvable if every chief section is 
either a r-group or an abelian group. When 7r = {p}, p’-solvability is equivalent 
to solvability and so M,-groups are solvable. Our proof needs r-separability 
for groups. For non r-separable groups, we are not able to define I”(G) and so 
the notion of M,-groups should in that case be something else. 
We need an easy lemma. 
Lemma 4.2. Let H be a subgroup of a n-separable group G, and let cp * E I*(H). 
Then 
ker(cp*)G = 0” ( r9G (ker9’)‘). 
Note that ((p*)G(g) = C tEH,G +*(tgt-‘), where +* is cp* on H and vanishes 
outside H. 
Proof. For g E G,,, ((p*)G(g) = (~*)~(l) if and only if +*(tgt-‘) = p*(l), for 
any t E G. This is equivalent to g E n,, G (kercp*)‘. Now the result follows 
easily. 0 
417 
Theorem 4.3. Let G be a r-separable group. Assume that G is an MT-group and 
1 = d, < d2 < . . < dk 
are the distinct degrees of I”(G). 
Zf p* E I”(G) and ~‘(1) = d;, then kercp* 2 G”(‘), where G”(O) = G and 
G”(i) = O”(D(G”(‘- 1’)). 
Proof. For g E D(G),, and cp* E I”(G), p*(l) = 1, it is clear that g E kercp’. So 
if i = 1 then the theorem holds. 
Assume i > 1. Since ‘p* is monomial, there exist a subgroup H of G and 
n* E P(H) such that (v*)~ = cp* and n*(l) = 1. Consider the decomposition 
(l;I)G = 1; + x; + x; +. . . 
where XJ E I”(G). Since x,*(l) < p*(l), ker>li’ 2 G”(‘-‘1 by the inductive hy- 
pothesis. Now H > ker(lh)G > G”(‘-‘1. So kern’ 2 O”(D(H)) 2 G”(‘). Thus 
by Lemma 4.2 and G”(‘) a G, ker(n*)G > G”(‘) and the theorem holds. 0 
Corollary 4.4. MT-groups are n’-solvable. 
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